Roots and Coefficients of a Quadratic Equation Summary

For a quadratic equation ax? + bx + ¢ = 0 with roots a and pB:

-b
Sum of roots =a + f =

and

c
Product of roots = af = 2

x? — (sum of roots)x + (product of roots) = 0

Symmetrical functions of a and B include:

11 1 ) 1,1 wb
o X B - B an a B - af
(a+B)* =’ + B>+ 2 ap therefore o’ + B = (o+B)* -2aB
o’ x p’= ’p’ = (ap)? and o+ B3 = (a+P)’-3ap(a+B)

i . . 5
Find the quadratic equation whose roots are a + =

B
are the roots of the quadratic equation 2x? + 7x — 3 = 0.

and § + gwhere aand

From2x2+7x—3=0,a+[3=—%anda3=_g,

The sum of the new roots is:
5 5 5 5
O!+E+ B+ 2= a+ ﬁ+E+E

- Satp)
=a+ p+ o

7 35
= ——+4 —
2 3

49

The new product of roots is:

(a+%)(ﬁ+§)= ap + 22+ 10

49

- 6

So the new equation is 6x2 — 49x — 49 = 0




Equations with related roots:

If a and B are the roots of the equation ax? + bx + ¢ = 0, you can obtain an

equation with roots 2a and 2B by substituting in y=2x, thus x = %y.

— I

Find a quadratic equation with roots 2a-1 and 2-1, where a and B are the
roots of the equation 4x% + 7x — 5 = 0.

4x2+7x—-5=0
Use the variable y where y=2x-1, so that x = % (y+1).

The required equation is therefore:

1 1
4<§(y+ 1)2) 4 7(§(y+ 1)) _5=0
Which can be simplified to:

2y2+11y—1=0




Series and Sums of Natural Numbers

The sum of the first n natural numbers is given by:
n

Zr=ln(n+1)
2

1

The sum of the squares of the first n natural numbers is given by:
n

Zrz = 1n(n +1)(2n+1)
6

1

The sum of the cubes of the first n natural numbers is given by:
n

1
21”3 = an(n +1)2

1

—

Find:
100

720:(27” ~1

Splitting the expression gives:

100 100 100
Z(Zr—l) = ZZr—ZS
70 70 70
Which gives:

100 100 69
(2r—1)=2{ r— r}—{(lOOxS)—(69x5)}
N )

70
= 2(5050 — 2415) — 155
= 5115




—

Find the sum of the squares of the odd numbers from 1 to 49.

The sum of the squares of the odd numbers from 1 to 49 is equal to:
Sum of all numbers from1to49 — Sum of even numbers from 1 to 49

The sum of the even numbers is:
2°+4°+6°+..48°
=22(1%42%43%+4%+..+24%)

24
= 427’2
1
Therefore the sum of all odd numbers from 1 to 49 is:
49 24
z r2 —4 Z r?
1 1

=40425-19600=20825

— I

Find the value of

2n 2n n
Z (473 = 3) = ;(47”3 -3) - ;(47”3 -3)

r=n+1

Which gives:

2n

2n 2n n n
Yt -p=ay -3y i-(s) =) 1)
r=1 1 1 1 1

=4n’Cn+ 12 -6n—n*(n+1)% +3n
= 15n* + 14n3 + 3n%2 — 3n




3 Matrices

¢ =@ W-Ckg axh)
(¢ D=7

a0 D-Gre Gie)

The 2x2 identity matrix is called I, where:
(1 0
1= (0 1)

When a matrix is multiplied by the identity matrix 1, it stays the same.

—

2a-s8=2(5)-s5( )

-($)-(50)

3 4\(2 -1
AB:(z 5)(6 7)
_(3X2+4%X6 3x—-1+4x7
_(2><2+5><6 2><—1+5><7)
(30 25
_(34 33)
2 —-1\(3 4
BA:(@ 7)(2 5)
_(2X3—-1%X2 2X4—-1%Xx5\_(4 3
_(6><3+7><2 6><4+7><5)_(32 59)




Transformations

Every linear transformation can be represented by a 2 x 2 square matrix,

M, of the form(ccl Z)

To find the matrix M, representing a given transformation, you find the
images of the two points (1, 0) and (0, 1).

— N

Find the matrix, M, representing an enlargement, scale factor 2, with the
origin as the centre of enlargement.

By drawing a graph, the images of
(1, 0)and (0, 1) are (2, 0) and (0, 2).

So M= ((2) g)

Using the image (1, 1) to check:

((2) g) (1) = (g) as expected.

The general form for the matrix of rotation about the origin through
cosO —sine)

angle © anticlockwise is ( .
g sin® cosO

The general form for the matrix of a reflection in the line y=(tan©)x is:
(60526 sin20 )
sin26 —cos26/°

Common Transformations

g) is a stretch parallel to the y-axis with a scale factor a.
a 0). L
0 1) is a stretch parallel to the x-axis with scale factor a.

(Z _ab) generally represents both a rotation and an enlargement.

—ba) generally represents both a reflection and an enlargement.




Combining Two Transformations

If the image of (x, y) under the transformation T is transformed by a
second transformation T,, represented by the matrix My, the image of

X
(x, y) under the two transformations is given by MlM(y).

In general, MM; #M;M.

— S

Find the matrix represented by the combined transformations:

e Astretch parallel to the x-axis of scale factor 2
e Followed by a stretch parallel to the y-axis of scale factor 5.

The two matrices are:
M= (3 2) and M; = (é (5))

The combined transformation is given by M;M.
(1 /2 O
M:M = (0 5) (0 1)

-G 9




Graphs of Rational Functions

Rational Functions with a Linear Numerator and Denominator:

This is when it is in the form

ax+b
y=— where a, b, c and d are constants.

Consider the function 4x

= To understand the function, it is useful to
X

sketch its graph.

By observation, as x approaches the value -3, the numerator approaches
-20 but the denominator approaches 0. As x keeps getting closer to -3,
the y value will tend towards infinity without every touching x=-3. Hence
the line x=-3 is an asymptote.

To find the next asymptote, divide both the numerator and denominator

by x. 4 8
This gives y = —g . As x gets very large, both —% and % approach the
value zero. x

Therefore as x tends towards infinity, both fractions above tend towards
zero. As a result, the curve approaches another asymptote of y=4.
After finding the x and y intercepts by using x=0 and y=0, you get:

e x=-3 as the vertical asymptote
e y=4 as the horizontal asymptote

e When x=0, y=—§
e Wheny=0, x=2




Two Distinct Linear Factors in the Denominator

These are where the denominator is a factorised quadratic, or one which
can be factorised. If the denominator has two real solutions, there will be
two vertical asymptotes.

If the numerator is also a quadratic, the curve will usually cross the
horizontal asymptote.

e To find the horizontal asymptote, divide through by x.

e To find the vertical asymptotes, equate the denominator to zero
and then solve to find the asymptotes.

e To find where the curve crosses the x and y axes, substitute in x=0
and y=0.

e To find where the curve crosses the horizontal asymptote,
substitute in the value of the horizontal asymptote (y=a).

If the numerator is a linear expression and the denominator has two
linear factors, the horizontal asymptote is always y=0, because if you
expand the denominator; then divide through by X%, y tends towards 0.

Rational Functions with a Repeated Factor in the Denominator

If the numerator is a quadratic expression, and the denominator is a
_(x=3)(x+3)
o (x—2)?

guadratic expression with equal factors, e.g.
There is only one vertical asymptote.
Considering the function above, as x approaches 2, the denominator
approaches zero so the vertical asymptote is x=2.

e To find the horizontal asymptote, divide through by x.

e To find the vertical asymptotes, equate the denominator to zero
and then solve to find the asymptotes.

e To find where the curve crosses the x and y axes, substitute in x=0
and y=0.

e To find where the curve crosses the horizontal asymptote,
substitute in the value of the horizontal asymptote (y=a).

Rational Functions with an Irreducible Quadratic in the Denominator
x>+ax+b

Not all curves in the formy = ————
Y x2+cx+d

have vertical asymptotes.

If the equation x2 + cx + d = 0 has no real solutions, then the curve will have
no vertical asymptote.




Stationary Points on the Graphs of Rational Functions

Several of the functions in this chapter have one or more stationary points. Now
consider the curve:
x?+2x -3
Tx2+2x+6
By sketching this graph you will see it has a minimum point. To find the

y

minimum point, consider the line y=k intersecting the curve. Therefore,

x?+2x—3

= T Tr T This gives (k — 1)x2 + 2k —2)x + 6k +3 =0 ().
Since there is a minimum point, the roots must be equal, Thus b?-4ac=0.

Therefore (2k — 2)? —4(k —1)(6k +3) =0
>5k?—k—-4=0
- Gk2+4) (k-1 =0

- k=—-= k=1
— —
or

As there is no point on the curve for which y=1, the minimum value is
4

5

To find the value of x at the minimum point, sub the value of k (k=y) into
equation (*). This gives x=-1

Inequalities

With inequalities, normal rules apply unless you are multiplying or dividing both
sides by a negative number. If you do this, the inequality symbol must be
reversed.

4x—1<5 - 4x<6

3x+2>11 - 3x>9

however, 2x>4 -»> x< -2
ax+b

cx+d
because you don’t know whether cx+d is positive or negative, so you’re unable

This means that you cannot solve an inequality such as >2

to multiply both sides out by this.

. . ax+b
To solve an inequality like > k, there are two methods.

cx +

e The first method is to multiply out both sides by (cx + d)?, which
cannot be negative.

ax+b ax+b
e Orsketch cx+d =Y, solve cx +d =K and then, by comparing

these two results, write down the solution to the inequality.




Conics

The Parabola
The standard equation for a parabola is y? = 4ax.

Translation:
The translation (Z) on the parabola y? = 8x to the parabola with
equation (y —b)? = 8(x — a)

Reflection in the line y=x:
Reflecting y? = 8x in the line y=x results in the new equation x? = 8y.

Stretch parallel to the x-axis:

A stretch, scale factor a, parallel to thg x-axis transforms the parabola
X

y? = 8x into the new equation y* = -

Stretch parallel to the y-axis:
A stretch, scale factor a, parallel to the y-axis transforms the parabola to
. y
the equation (=) =
quation (Z) = 8x

The Ellipse

You can obtain an ellipse from a circle by applying a one-way stretch.
Starting with a circle with the equation x2 + y? = 1, then applying a
stretch of scale factor a parallel to the x-axis followed by a stretch scale
factor b parallel to the y-axis gives the standard equation of an ellipse:

Translation:

a2 N2
y__lto(x p)+(y q)

. p _
A translation of (q) moves 25 7 R 2 =1

Reflection in the line y=x:
To reflect an ellipse in the line y=x, replace the x’s with y’s and vice versa.

Stretch parallel to the x-axis: (x)2

A stretch parallel to the x-axis scale factor p, goes to ;’5 }; 1

Stretch parallel to the y-axis: 2 (X)
N 1

A stretch, scale factor g, parallel to the y-axis goes toX_ 25 2




The hyperbola

The standard equation for a hyperbola is

2 yZ 4
a? b2
Translation:
The translation of (p) moves the hyperbola x_z — y_z =1 intoa
q 25 25

hyperbola with a new equation of:

-p)? G-9*_

1
25 4

Reflection in the line y=x:
To reflect a hyperbola in the line y=x, swap around the x and y’s.

Stretch parallel to the x-axis: (x)z
- 2
A stretch parallel to the x-axis scale factor p, goes to 2P/ _ Y~ _ 4
25 4
Stretch parallel to the y-axis: 5 (X)Z
X
A stretch, scale factor g, parallel to the y-axis goes tog — qT =1

The rectangular hyperbola
The standard equation for a rectangular hyperbola is xy = c?

Translation:
The translation of (Z) moves the rectangular hyperbola xy = 25 into a

rectangular hyperbola with a new equation of (x — a)(x — b) = 25.

Reflection in the line y=x:
To reflect a rectangular hyperbola in the line y=x, swap around the x and
y’s, which will result in the same equation.

Stretch parallel to the x-axis:
A stretch parallel to the x-axis scale factor p, goes to (f) y =25
p

Stretch parallel to the y-axis:

A stretch, scale factor g, parallel to the y-axis goes to x (X> =25
p




Complex Numbers

A complex number is a number in the form a + ib, where a and b are real
numbers and i? = —1. In the complex number, the real number a is
called the real part, and the real number b is called the imaginary part of
the complex number.

- When a=0, the number is said to be wholly imaginary.

- When b=0, the number is real.

- If a complex number is equal to zero, both a and b are zero.

If two complex numbers are equal, their real parts are equal and their
imaginary parts are equal.
Ifa+ib=c+id,thena=candb =d.

If zis a complex number, its complex conjugate is denoted by z*.
Ifz=x+ iy, thenz*=x — iy

The quadratic formula can be used to find the roots to an equation. If
b? — 4ac is negative, you will have to introduce i.

From chapter one, we have also learnt that the sum of roots is equal to

——  the sum of the equations from the quadratic formula.
a

The quadratic formula can be used to find the roots to an equation. If
b? — 4ac is negative, you will have to introduce i.

b .
From chapter one, we have also learnt that the sum of roots, —— , is

a
equal to the sum of the equations from the quadratic formula.

Equations with z or z* can be solved by substituting in z = x + iy or
z*= x — iy. Then you can equate the real and imaginary coefficients.




Calculus

Differentiating from First Principles

If you consider the curve y = x2, the gradient at point A(2, 4) is given by
the gradient of the tangent at A. To find the exact value of this gradient,
you can differentiate from first principles.

If you consider the chord AP, where P is a point very close on the curve to
A, the x-coordinate of P is 2+h, where h is a very small number. As h gets
smaller, the chord AP will get closer to the tangent at the point (2, 4).

The coordinates of P are (2+h, 4+4h+h2).
The chord AP will never be equal to the tangent, but the slopes will be
more identical as h gets smaller.

Gradient of AP:

V2= W

_xz_x1

@4k - (2)?

T +h-(2)
4h + h?

B h

= 4 + h (you can divide by h as h #+ 0.

As h approaches 0, the gradient of AP tends towards 4. When h is zero, A
and P are the same point, so it doesn’t make sense to find the gradient.
Eg:

As h — 0, the gradient of chord AP — Gradient of tangent at A

Thus 4+h— 4, so the gradient of the curve y = x? at point (2, 4) is 4.

—

Use first principles to find the gradient of the tangent to the curve
y = 2x% + 3x — 18 at the point B(a, 2a? + 3a — 18)

The chord joining point B to the point P on the curve must have an x-
coordinate of a+h.

Gradient of chord BP:
[2(a+ h)? +3(a+ h) —18] — [2a? + 3a — 18]
(a+h)—a

_4ah+ 2h? 4+ 3h

h
=4a+2h+3

As h approaches 0, the gradient of the tangent at B is 4a+3.




Improper Integrals
There are two types of improper integrals:

e The integral has oo or — oo as one of its limits.

e Theintegrand is undefined either at one of its limits, or
somewhere between them limits. The function may have a
denominator which equals 0 at some point.

-Limits of integration between oo or — «

Replace +oo with n, and once you have integrated, allow n to approach
infinity. If the integral approaches a finite answer, then the integral can
be found. If the integral doesn’t approach a finite answer, the integral
cannot be found.

— T

e}

Determinef —de
;X

Substitute n for co:

n

1 n
—[—dezf x %dx
1% 1

As n— oo, the value of the integral approaches 1. Therefore the value of
the improper integral is 1.

Determine whether the integral f — dx has avalue. If so, find the

. x
value of the integral. 1

Substituting n for oo, then integrating gives:

1 n
2]
1
=2yn—-2

As n— oo, the value of this integral does not approach a finite number,
and so the integral cannot be found.




Integral Undefined at a Particular Value

If the integrand is undefined at one of the limits of integration, replace
that limit of integration with p, and see what happens as p approaches
the limit of integration. If the integral approaches a finite number, the
integral can be found. If the integral doesn’t approach a finite number,
the integral cannot be found.

If the integrand is undefined at some point between the two limits of
integration, then you need to split the integral into two parts, one to the
left, and one to the right of the point where the integrand is undefined
and use a similar approach as before.

— .

Z1
Determinej —dx
x2
-4

When x=0, 0=p.
—11? —172

~[=L =
X 1_4 x 1y

- [_(2%1)3— @+ Z)-G)

S —

D 4

As p tends towards 0, no finite answer is reached. Therefore, the integral
cannot be found.




Trigonometry

Cosine:

The general solution of the equation cos© = cosa for any angle a is:

6=360n"t«a
or
O=2ntt+a«a
Sine:

The general solution of the equation sin® = sina for any angle a is:
0 =180n° + ()"«
or
O =nn+(—-1)"«a

Tangent:

The general solution of the equation tan® = tana for any angle a is:
0=180n°+«a
or
O=nwr+a

— i

3
Find the general solution, in degrees, of the equation cos56 = 3

3 is the cosine of 30°.

So the general solution for 56 is:
56 = 360n° + 30°

Therefore the general solution for © is:
0 =72n°+6°




— I

T
Find the general solution, in radians to the equation tan (Z — 3x) =43

s
Z—3x=nn+—
_ T
3X——Tl7T—E
_ n T
X=-3T 3%

Find the general solution, in radians, of the equation

sin (Zx + %) = cos (Zx + %)

Dividing both sides by the RHS gives:
T

tan (Zx + Z) =1

Astan™'(1) =

20 +- +
X T+—=nm
4

SN

nm
X =—
2




Numerical Solution of Equations

Interval Bisection

If you know there is a root of f(x)=0 between x=a and x=b, you can try

X = %(a + b). Whether this is positive or negative determines which side

of%(a + b) the root lies.

— SN

Show that the equation x3 + 5x = 9 has a root between 1 and 2. Use the
method of interval bisection twice to obtain an interval of width 0.25 within
which the root must lie.

fx)=x3+5x-9

f1)=1=5-9=-3

f(2)=84+10—-9=9

f(1) is negative and f(2) is positive, therefore a root lies between 1 and 2.

f(1.5) =1.875
f(1) is negative and f(1.5) is positive, therefore a root lies between 1 and 1.5.

f(1.25) = —0.796875
As f(1.25) is negative and f(1.5) is positive, there must be a root between
1.25and 1.5

Linear Interpolation

In solving the equation f(x) = x3 + 5x — 9, you can deduce from f(1) = —3
and f(2) = 9 that the root of f(x) = x3 4+ 5x — 9 = 0 is much more likely to
be nearer to 1 than 2, since |f(2)| > |f(1)].

By plotting (1, -3) and (2, 9) on a graph, and connecting them by a straight line,
the estimated root is 1+p. Using similar triangles, we can deduce:

p 1

3 9+3
Thus the estimated root is 1+p which is 1+0.25=1.25




—

X
Show that the equation cos > = 4x — 1 has a root between 0 and 1.

Use linear interpolation to find an approximate value of this root.

X
let f(x) = 0057—4x+ 1

f(0) =2
f1)=-3

The change of sign indicates that f(x)=0 is between x=0 and x=1.

Using similar triangles, with the root at x=p, we can deduce that

1
3

> 4

2
0.

T NS

Therefore the required approximate value is 0.4

The Newton- Raphson Method

If you are given an approximation to a root of f(x)=0, such as a, then
_ fl@) s generally a better approximation.
f'(@)
In its iterative form, the Newton- Raphson method for solving f(x)=0

gives:
f (xn)

xn+1 = xn _f,(x )
n




—

Use the Newton-Raphson method once, with an initial value of x=3, to find
an approximation for a root of the equation 14 + 8x + 5x? — x* =
Give your answer to three significant figures.

Let f(x) = 14 + 8x + 5x% — x*

Differentiation gives:
f'(x) =8+ 10x — 4x3.

When x=3,
fx)=2
f'(x)=-70

The required approximation is therefore:

2
3—_—70— 3.03 (3Sf)

Step-by-Step Solution of Differential Equations

The Euler formula is:
:Vn+1 ~ :Vn + hf(xn)

This formula is used to find approximate solutions for a differential
equation of the form % = f(x), where ‘f" is a given function. In the
equation, h is the step length, and (x,,, y,,) are the points on a curve.

— >

The variables x and y satisfy the differential equation dx =In X, and y=5
and x=2.

Use the Euler formula with step length 0.1 to find an approximation for the
value of y when x=2.2

X, =2andy, =5andh =0.1
f(xp) =In2 = 0.693

Thus, y,+1 = 5+ (0.1)(0.693) = 5.0693
This is an approximation of y when x=2.1

This time, x, = 2.1andy,, =5
f(x,) =In2.1 = 0.742

Thus, yp4q1 ~ 5.0693 + (0.1)(0.742) = 5.143

Therefore, when x=2.2, the approximate value of y=5.143




Linear Laws

If you have results for x and y, and you need to prove that these results
satisfy a formula, such as y3=ax2+b, you will need to then calculate the
values for y? and x%, and then plot the graph of y* by x*. The graph should
be linear if it does satisfy the equation. Then, you can work out ‘a’ and ‘b’
by calculating the gradient and the y-intercept.

y = ax™:

Two variables x and y, which are related by a law of the form y=ax", can
be turned into a linear relation if you use logarithms.
Fromy = ax™s
ogy = log(ax™)
= loga + logx™
= loga + xlogn

y = ab*

Two variables x and y, which are related by a law of the form y=ab*, can
be turned into a linear relation if you use logarithms.
logy = log(ab*®)
= loga + logh”*
= loga + xlogb




