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fd

1
(@ The matrix X is defined by [ 3

5
;] , find the value of m.

() Given that X2= {};

)

(i)  Show that X3 - 7X = nl, where nis an integer and | is the 2 x 2 identity matrix.
(4)

(b) Itis giventhat A = [[]J _[]J :
(i) Describe the geometrical transformation represented by A.
1)

(i)  The matrix B represents an anticlockwise rotation through 45° about the origin.

Show that B = k[: _: , where Kis a surd.

2
(i)  Find the image of the point P(-1, 2) under an anticlockwise rotation through 45°
about the origin, followed by the transformation represented by A.
4)
(Total 12 marks)

The plane transformation T is defined by

x 4 31 1x
T i g P ¥
(&) A shape has an area of 3 square units. Find the area of the shape after being transformed
by T.

2
(b) () Find the equations of all the invariant lines of T.
®)
(i)  State the equation of the line of invariant points of T.

1)
(Total 8 marks)

3 x
-1 7

(@) Determine X XT.

Let X =

(@)
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(b)  Show that Det(X XT = X™X) < 0 for all real values of X.
(4)

(c) Find the value of X for which the matrix (X XT = XTX) is singular.

1)
(Total 7 marks)

The variables y and X are related by an equation of the form
y=ax

where a and N are constants.

Let Y =log,, Y and X = log,, X.

(a) Show that there is a linear relationship between Y and X.
3)

(b)  The graph of Y against X is shown in the diagram.

/]

be¥

- T T T
0 1 2 3 4 5 6 7

Find the value of n and the value of a.

4)
(Total 7 marks)

The equation
24X + 36X2+18X-5=0
has one real root, a.

(@ Show that a lies in the interval 0.1 < X< 0.2.
2)
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(b) Starting from the interval 0.1 < X< 0.2, use interval bisection twice to obtain an interval of
width 0.025 within which a must lie.
3)

(c) Taking X; = 0.2 as a first approximation to a , use the Newton-Raphson method to find a
second approximation, X, , to a. Give your answer to four decimal places.

(4)
(Total 9 marks)

The function Y(X) satisfies the differential equation

dy =f(x

dr )
where f(x, y) = 13 *
and y(1) =2

(@ Use the Euler formula
yr +1 :yr + hf(xrl yr)

with h = 0.1, to obtain an approximation to y(1.1).
3)

(b)  Use the formula
yr +1 =yr—1 + th(x'n yr)

with your answer to part (a), to obtain an approximation to y(1.2), giving your answer to
three decimal places.

3
(Total 6 marks)

A curve passes through the point (1, 3) and satisfies the differential equation

dv  x
dr 14 x3

Starting at the point (1, 3), use a step-by-step method with a step length of 0.1 to estimate the
value of y at X = 1.2. Give your answer to four decimal places.
(Total 5 marks)
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Mark schemes

N owez|T 2 ;

= m=

0 K 5}, (m=)
(Mm=)7 or 7 as top left element of X 2

Bl

1| @

i) xe 13 14 _
21 6"

At least 2 elements correct
M1

7 147
=12 o
J

Bl

. 13-7 14-14] [6 0]
X=7X=1n-21 6-0|" |0 6]
Ftonc's mvalue

AlF

[1 0
= 6._[} 11 =6l
CSO Accept either form but at least one must be

shown explicitly

Reflection in the X-axis

(b) ()

OE

1 1]

) cosd5® —sind5*| |2 2|

(i) B:Lm45= cosds® || L L
'-.'E 'u'lj A

Either OE. For M mark, accept dec. equiv.

(at least 3sf) for —=
"\u' a
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1 (1 -1]
Sl 1

W=

1
NMS SC1 for K= —= or better.

WL

Al
2
-1 —.ifr'_l 01 -1]-1
(i)~ AB/ lo —1f[1 1]2
. [-1
Attempt to find AB | ,
M1
' 0][-3 [ [1 -1]-1
- or Kk
=klo _1_-[1} 1™ 1]}
_ [1 -1]-1] [-3 1 o1 -1] [1 -1
Bither {3 3§ 217 1]%0 -1f[1 1] |-1 -1
Al
37
=k ]
Completing the matrix mult. to reach a 2 x 1 matrix
ml
: : (3 1
(Image of P is the point ) |—? —?|
. \.'2 \'2
CSO
[-1
SC Wrong order, works with BA | }
mark out of a max of MLIAO m1A0
Al
4
[12]
(@) Determinant of matrix =-8 + 9 =1
Finding determinant and multiplying by area
M1
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Area = 3 x 1 = 3 (square units)
CAO - must show multiplication or refer to scale factor /
invariant area or equivalent

Al
2
(b) (|) 4 3 X _ 'J.‘l
13 2)|mx+c] |3
=
(X)=4X+ 3(MX + C)
(Y)=-3X-2(mxX + C)
X, y'in terms of X, y, m, C
M1
Invariant lines =y =NMx' + C
= - 3X—2MX - 2C = 4mMX + 3P X +3MC + C
= 0= (3N +6M+ 3)X+ 3MC+ 3C
Useofy'=mXx'+C
Al
=3M+6mM+3=0 3mMCc+3C=0
Attempt at solving equations where coefficients = 0
or compares coefficients
M1
3(M+1)?=0 3c(m+1)=0
=>m=-1 C can be any value
Finding the correct value of m
Al
= linesarey=-X+C
Fully correct line — no restriction on C
Al
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(@)

(b)

SPECIAL CASES

ra

|' 4 3 «x | x+ 3¢ ‘J
\—3 2\ —=x+c l—x=2¢}
X=X+ 3C

y=-X-2C

SC1 - Correct multiplication as shown

Consider

-X'+C
=-(X+3C)+C
=-X-3C+C
=-X-2C

:y’

Hence Yy = - X + Cis an invariant line

SC2 - correct multiplication as shown above and

full algebraic solution usingy’'=-X"+C

(i) WhenC=0,Yy=-Xis aline of invariant points
Any equivalent form

3 -1]| 3 =x 10 3x-7
XTX = _ = X
x T ||-1 7 3x=-7 x"+49

Good attempt
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x-1 4x+4]
[4x+4 1-x" |
Good attempt

XXT=X"X =

M1
(3P =1 d4x+4] -1 4
Det(X X™ = X™X) = | =+
l4x+4 1-x" 1-x
Good attempt to factorise / expand the determinant
M1
=—-(X+1)H(X-1)?+16}<0
for all real X
Explained / demonstrated fully
El
4
(c) X=-1
CSO
Bl
1
[7]
(@ y=ax"=logyY =log;o ax"
logi Y =log;p @+ logyo X"
Take logs and apply one log law in soln. correctly PI.
M1
logo Y = logso @ + Nlogyo X
Apply a further log law correctly.
ml
Y =logyp &+ NX (which is a linear relationship between Y and X.)
Correct egn. with base 10 (or Ig or later evidence of use
of base 10 if log without base here)
Al
3
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(b)

(@)

N = gradient of line
Stated or used.

,
Acceptn== % OE as evidence

n= —%(OE 3sf)

|0910 a=4
Equating ¢'s constant term [must involve a log] in

c's (a) egn. to the Y-intercept value Pl by correct value of a

a=10* (=10 000)

Let f(X) = 24)3 + 36X2 + 18X - 5

f(0.1) = -2.816, f(0.2) = 0.232
Both attempted and at least one evaluated
correctly to at least 1sf rounded or truncated OE fraction

Change of sign so a lies between 0.1 and 0.2

Need both evaluations correct to above degree of
accuracy and ‘change of sign OE’ and relevant reference
to 0.1 and 0.2

f(0.15) = -=1.409 (< 0 so root > 0.15)
f(0.15) considered first

f(0.175) = -0.619 (< 0 so root > 0.175)
f(0.15) then f(0.175) both evaluated
correctly to at least 1sf OE fractions
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a lies between 0.175 and 0.2

Dependent on both previous marks gained and no
other additional evaluations other than at 0.15 and 0.175

(c) f(X)=72x2+ 72X+ 18
Pl

(X2=)

24(0.2)" +36(0.2)° +18(0.2) -5
T T72(02)7 +72(0.2) +18

B1 for numerator in correct formula

B1 for denominator in correct formula

=0.1934 (to 4dp)
CAO Must be 0.1934
Do not apply ISW
NMS scores 0/ 4

(@ y(1.1)=y(1)+0.1 %}

=2+0.02=2.02

(b)  VY(1.2) =Yy(1) + 2(0.1){f[1.1, y(1.1)]}

:2+2(0.1)[ 3.132-1_1}

202° +1.1

ft on c's answer to (a)
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= 2.035518... = 2.036 to 3dp
CAO Must be 2.036

yn+1zyn+hf(xn)
OE

hy' (1) = 0.1 x Y (1) (=0.05)
Attempt to find hy'(1). Pl by eg 3.05 for y(1.1)

y(1.1)= 3 +0.05 = 3.05

y(1.2)=y(1.1) +0.1 xy/(1.1) =3.05+ 0.1 x y/ (1.1)

1.1
1+1.1°

(23054011100
| 2331

=3.05+0.1 x

Attempt to find y(1 + 0.1) + 0.1 x Y'(1 + 0.1) must see
evidence of calculation if correct ft [0.047.. + ¢c's Y(1.1)]

value not obtained

=~ 3.05+0.047(19.....)
OE; fton [0.047..+ c¢'s Y(1.1)] value; PI

= 3.0972 (to4d.p.)
Must be 4 dp.
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